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Abstract
We construct a locally supersymmetric action for the scalar particle, and study its relation
with the usual reparametrization invariant action. The mechanisms at work are similar to
those employed in the embedding of the bosonic string into the fermionic one, originally due
to Berkovits and Vafa in their search for a universal string. The simpler algebraic structure
present in the particle case provides us with a guide on how to prove in a simple way, without
the need of fixing the superconformal gauge, that the supersymmetric formulation of the
bosonic string is equivalent to the usual one, where reparametrization invariance is the only
world-sheet gauge symmetry.
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I. INTRODUCTION
String theory is still lacking a suitable non-perturbative formulation. The best descrip-
tion available remains that of a perturbative expansion of strings propagating on a consistent
background. String coordinates are quantized, and the different terms of the loop expan-
sion are related to the different topologies of the world-sheet. In the absence of a more
fundamental principle, different string theories have been classified according either to their
world-sheet gauge symmetries or to their space-time properties. However, recent develop-
ments have made it clear that these two ways of classifying strings have not an intrinsic
meaning; rather, they are seen to reflect properties of the chosen vacuum. In fact, on one
hand string theories classified according to their space-time properties are related to each
other by the so-called S, T and U dualities. This suggests that they may be interpreted as
different perturbative expansions of a single unifying theory (the so-called M theory) about
different vacua [1]. Similarly, in the other classification based on the world-sheet gauge sym-
metries (or, equivalently, on the constraint algebra of the conformal gauge formulation), it
has been shown how the bosonic string described by a reparametrization invariant world-
sheet action may be viewed as a special case of the fermionic string, which is described by
a locally supersymmetric world-sheet action [2]. This hints on the possible existence of a
universal string theory containing all the other ones as particular broken symmetric phases.
In fact, in ref. [3] a hierarchy of supersymmetric strings was discovered, in which each string
of the hierarchy contains also all those strings with a lower number of local supersymmetries
on the world-sheet.
In this article we study the mechanism of embedding, originally discovered by Berkovits
and Vafa, by applying it to a simpler case, namely the case of particles. A scalar particle
is described by an action with reparametrization invariance, while the standard action for a
spin-1
2
particle has a local supersymmetry on the world-line [4]. We show that it is possible
to construct a locally supersymmetric action describing the scalar particle. We solve the
corresponding master equation of Batalin and Vilkovisky necessary for lagrangian quantiza-
tion, and describe how this supersymmetric action is related to the usual reparametrization
invariant one. We cast our discussion in the language of canonical transformations to ex-
emplify that formalism. The simpler algebraic setting present in the particle case suggests
how to proceed in the string case, and prove the equivalence of the locally supersymmetric
formulation with the usual reparametrization invariant one, without the need of fixing the
superconformal gauge. A simple field redefinition relates the local supersymmetric action
given in [5] to the standard formulation of refs. [6]. This procedure bypasses subtleties of
the superconformal gauge related to the treatment of the moduli and supermoduli of higher
genus Riemann surfaces [7]. Eventually, we will present our conclusions.
II. A RIGID SUPERSYMMETRIC MODEL
We repeat in a simpler context the construction presented in [2]. In that reference
Berkovits and Vafa found a suitable superconformal system that can be used as a background
for the fermionic string in the superconformal gauge. The fermionic string propagating on
such a background behaves exactly as the bosonic string. In a similar way, we will find a
supersymmetric quantum mechanics that will reproduce the behaviour of a scalar particle
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once coupled to world-line supergravity. The supersymmetric action defining the model is
given by
S =
∫
dτ
(
1
2
x˙µx˙µ + b1c˙1
)
, (2.1)
where xµ are the coordinates of the particle, x˙µ = d
dτ
xµ, and (b1, c1) are a pair of anti-
commuting variables that will allow to realize supersymmetry. The rigid supersymmetry
transformations are given by
δxµ = εc1x˙
µ,
δc1 = ε+ εc1c˙1, (2.2)
δb1 = −ε
(
1
2
x˙µx˙µ + b˙1c1 + 2b1c˙1
)
.
By computing the commutator algebra of two supersymmetry transformations one obtains
a translation in the time parameter. This is the trademark of supersymmetry. The corre-
sponding supersymmetry charge is
Q = b1 −
1
2
c1x˙
µx˙µ. (2.3)
We note that the first term in the transformation of c1 (δc1 = ε + . . .) is the one that
makes these rules different from the BRST rules arising after gauge-fixing the standard
bosonic particle action
S =
∫
dτ
1
2
e−1x˙µx˙µ (2.4)
with the gauge condition e = 1, and identifying the fields c1 and b1 with the corresponding
ghost and antighost, respectively. This fact is also seen in the term proportional to b1
appearing in the supersymmetry charge that makes it different from the BRST charge
QBRST = −
1
2
c1x˙
µx˙µ. (2.5)
Another observation is that the previous supersymmetry transformations can be simpli-
fied by adding suitable trivial symmetries proportional to the equations of motion, so to
obtain
δxµ = εc1x˙
µ,
δc1 = ε, (2.6)
δb1 = −
1
2
εx˙µx˙µ.
However, with these simplified rules the supersymmetry algebra closes only on-shell on
translations, while the previous rules close nicely off-shell.
As a final remark, we note that the supersymmetric action in eq. (2.1) can be generalized
to a more general bosonic background described by a metric gµν(x), a vector potential Aµ(x)
and a scalar potential V (x),
3
S =
∫
dτ
(
1
2
gµν(x)x˙
µx˙ν + Aµ(x)x˙
µ + V (x) + b1c˙1
)
. (2.7)
The supersymmetry transformations are given now by
δxµ = εc1x˙
µ,
δc1 = ε+ εc1c˙1, (2.8)
δb1 = −ε
(
1
2
gµν(x)x˙
µx˙ν − V (x) + b˙1c1 + 2b1c˙1
)
.
Quantizing this system will give a supersymmetric quantum mechanics of a different type
from the standard one [8]. However, it is a much less powerful supersymmetric quantum
mechanics, since it is realized on a non-positive definite Hilbert space, being (b1, c1) a system
of ghost-like nature. In fact, many standard results will not apply (e.g. positive definiteness
of the energy will not hold). This will not be a problem for our purposes since we plan
to couple the model to gauge fields, those of world-line supergravity, allowing us to recover
unitarity.
III. A LOCALLY SUPERSYMMETRIC ACTION FOR THE SCALAR PARTICLE
The system in (2.1) can be coupled to world-line supergravity. This will give a locally
supersymmetric action, i.e. an action with the same local symmetries of the one describing
the spin-1
2
particle. Using the Noether method to gauge the global symmetry in eq. (2.2),
and dropping the space-time indices on the coordinates, we obtain
S1 =
∫
dτ
(
1
2
e−1x˙2 + b1c˙1 + χb1 −
1
2
e−2χc1x˙
2
)
, (3.1)
where e and χ are the einbein and the gravitino fields of the world-line, respectively. The
local supersymmetry transformations are given by
δQx = εe
−1c1x˙,
δQc1 = ε+ εe
−1c1(c˙1 − χ),
δQb1 = −
1
2
εe−2(1− e−1χc1)x˙
2
− εe−1b˙1c1 − 2εe
−1b1(c˙1 − χ), (3.2)
δQe = 2εχ,
δQχ = ε˙,
while the reparametrizations are given by
δRx = ξx˙,
δRc1 = ξc˙1,
δRb1 = ξb˙1, (3.3)
δRe = ∂τ (ξe),
δRχ = ∂τ (ξχ).
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The transformation rules on the supergravity multiplet (e, χ) are the standard ones [4], and
the algebra of local symmetries closes off-shell on all the fields
[δQ(ε1), δQ(ε2)] = δR(ξ = 2ε2ε1e
−1) + δQ(ε = −2ε2ε1e
−1χ),
[δR(ξ1), δR(ξ2)] = δR(ξ = ξ2ξ˙1 − ξ1ξ˙2),
[δR(ξ1), δQ(ε2)] = δQ(ε = −ξ1ε˙2).
(3.4)
Because the complete algebra closes off-shell, it is straightforward to solve the Batalin-
Vilkovisky master equation, useful for gauge-fixing in the lagrangian quantization [9]. The
proper solution is given by
S1,BV = S1 +
∫
dτ
[
x∗(η − γe−1c1)x˙+ c
∗
1
(
c˙1η + γ + γe
−1c1(c˙1 − χ)
)
+ b∗
1
(
b˙1η −
1
2
γe−2(1− e−1χc1)x˙
2
− γe−1b˙1c1 − 2γe
−1b1(c˙1 − χ)
)
(3.5)
+ e∗(∂τ (ηe)− 2γχ) + χ˙
∗(ηχ− γ) + η∗(η˙η + γ2e−1) + γ∗(ηγ˙ − γ2e−1χ)
]
,
where η and γ are the ghosts for ξ and ε, respectively, and the starred fields are the so-called
antifields (i.e. the sources for the BRST variations).
To see why this action describes a scalar particle, we note that variables can be redefined
and that the basis of gauge symmetries is not unique, since it can be modified considerably
by adding trivial gauge symmetries proportional to the equations of motions. In fact, after
a little inspection, we see that by defining the new variables
e˜ = e + χc1,
χ˜ = χ− c˙1,
(3.6)
the action (3.1) can be rewritten as follows
S2 =
∫
dτ
(
1
2
e˜−1x˙2 + χ˜b1
)
. (3.7)
Moreover, the two gauge symmetries can also be represented by
δx = ξ˜x˙,
δc1 = ε˜,
δb1 = 0, (3.8)
δe˜ = ∂τ (ξ˜e˜),
δχ˜ = 0,
where ξ˜ and ε˜ are the two independent gauge parameters. We see immediately that the
variable c1 can be dropped since it is a pure gauge degree of freedom, while the variables b1
and χ˜ are non-dynamical fields which can be eliminated by their equations of motion. Thus,
we are left with the standard reparametrization invariant action describing a massless scalar
particle, and quantization can proceed in the well-known way. This proves our claim that
a scalar particle can be described by a locally supersymmetric action. Note that the gauge
symmetries in eqs. (3.2) and (3.3), when expressed in terms of the new variables, can be
written as follows
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δx = ξ˜x˙,
δc1 = ε˜+ ξ˜c˙1,
δb1 = ξ˜∂τ
δLS2
δχ˜
+ ε˜
δS2
δe˜
− 2ε˜e˜−1b1
δLS2
δb1
, (3.9)
δe˜ = ∂τ (ξ˜e˜)− ε˜
δLS2
δb1
,
δχ˜ = −∂τ
(
ξ˜
δLS2
δb1
)
,
where we have defined for convenience
ξ˜ = ξ + εe−1c1,
ε˜ = ε− εe−1c1χ,
(3.10)
and where δLS
δφ
denotes the left functional derivative of the action. Dropping the terms
proportional to the equations of motion from the right hand side, and shifting ε˜→ ε˜− ξ˜c˙1
one obtains the simplified basis of gauge symmetries. Thus, we see how the simple gauge
symmetries in eq. (3.8), containing the reparametrizations and a shift symmetry on a
fermionic variable, can mimic the full transformations of local supersymmetry.
The proper solution of the master equation for the action in (3.7) with gauge symmetries
in (3.8) can be obtained quite easily. Dropping the tilde on the variables we have
S2,BV =
∫
dτ
(
1
2
e−1x˙2 + χb1 + x
∗ηx˙+ e∗∂τ (ηe) + c
∗
1
γ + η∗η˙η
)
. (3.11)
The actions S1,BV and S2,BV describe the same model and are both proper solutions of
the master equation. A theorem guarantees that these actions must be related by canonical
transformations. In the Batalin-Vilkovisky formalism, canonical transformations are typi-
cally used to gauge-fix and to redefine variables (in fact, the process of gauge-fixing can be
thought of as a particular field redefinition). They preserve the properties of the antibracket
and map proper solutions into proper solutions. Canonical transformations are specified
by a fermionic generating function Ψ and are defined by φ → φ′ = eLΨφ, where φ is a
field or an antifield, and LΨφ ≡ (Ψ, φ) with ( , ) denoting the antibracket. The canonical
transformation between S1,BV and S2,BV can be presented in a factorized form
S2,BV = e
LΨ7eLΨ6eLΨ5eLΨ4eLΨ3eLΨ2eLΨ1S1,BV (3.12)
where the various gauge fermions are given by
Ψ1 =
∫
dτ e∗χc1,
Ψ2 = −
∫
dτ χ∗c˙1,
Ψ3 = −
∫
dτ η∗γe−1c1,
Ψ4 = −
∫
dτ γ∗γe−1c1(c˙1 + χ), (3.13)
Ψ5 =
∫
dτ
[
e∗χc1 + b
∗
1
c1
(
1
2
e−2x˙2 − 2e−1b1χ
)]
,
6
Ψ6 = −
∫
dτ χ˙∗b∗
1
η,
Ψ7 = −
∫
dτ γ∗ηc˙1.
We note that the transformations specified by Ψ1 and Ψ2 accomplish the field redefinition
given in eq. (3.6), Ψ3 and Ψ4 redefine the ghosts (i.e. the gauge parameters) as in eq.
(3.10), Ψ5 and Ψ6 modify the gauge symmetry basis by terms proportional to the equations
of motion as in eq. (3.9), and Ψ7 performs a final redefinition of the ghost γ.
In ref. [5], the same method of canonical transformations was used to prove the equiva-
lence between the fermionic string propagating on the Berkovits-Vafa background and the
bosonic string. However, that proof was given in the conformal gauge, as was the original
proof in [2] and the conformal field theoretical proof in [10]. Here, in the simpler case of
particles, we have been able to treat the geometrical fields on the world-line, the einbein
and the gravitino, in their full generality, without the need of specifying a gauge condition.
The lesson learned in this simple model will help us in re-examining the string case from a
better perspective.
Before closing this section, we note that it is straightforward to generalize the supersym-
metric action for the particle by including a mass term, and, in general, the full background
described in eq. (2.7) (a constant term in the potential V can reproduce the effect of a mass
term for the particle). For simplicity we have discussed here only the basic case of a massless
particle propagating on a flat space-time.
IV. EQUIVALENCE OF THE FERMIONIC STRING ON THE
BERKOVITS-VAFA BACKGROUND AND THE BOSONIC STRING
We have seen in the previous section how a locally supersymmetric formulation of the
scalar particle can be related to the standard reparametrization invariant one. The relation
is given by a field redefinition consisting in a shift of the gravitino field, and in a certain
transformation on the einbein. The latter can also be interpreted as a particular supersym-
metry transformation. Guided by this particular field redefinition, we will relate the locally
supersymmetric formulation of the bosonic string to the usual reparametrization invariant
one. The locally supersymmetric action, which in the superconformal gauge reproduces the
model of Berkovits and Vafa, was constructed in ref. [5], and reads:
S =
1
pi
∫
d2xe
(
1
2
∇
+
X∇
=
X + b1∇=c1 + b¯1∇+ c¯1 + χ−=G++ + χ++ G−= (4.1)
+ χ
++
χ
−=
c1c¯1∇+ X∇=X
)
,
where
G
++
= b1(1 + c1∇+ c1)−
1
2
c1(∇+ X)
2,
G
−=
= b¯1(1 + c¯1∇= c¯1)−
1
2
c¯1(∇=X)
2,
(4.2)
and where (b1, c1, b¯1, c¯1) are Lorentz tensors with spin (
3
2
,−1
2
,−3
2
, 1
2
), ∇a = ea
µ∂µ + ωaJ is
the Lorentz covariant derivative with the flat index a taking values (++,=), J is the Lorentz
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generator which measures the Lorentz spin, and ωa is the spin connection (see ref. [5] for
more extended definitions). The following redefinition of variables
e˜
+
µ = e
+
µ
− χ
++
c¯1e=
µ,
e˜
=
µ = e
=
µ − χ
−=
c1e+
µ,
χ˜
++
= e(χ
++
+ χ
++
c¯1∇= c¯1 −∇+ c¯1),
χ˜
−=
= e(χ
−=
+ χ
−=
c1∇+ c1 −∇=c1),
(4.3)
brings the action (4.1) in the form
S =
1
pi
∫
d2x
(
e˜
2
∇˜
+
X∇˜
=
X + χ˜
−=
b1 + χ˜++ b¯1
)
. (4.4)
Once more, the fields (c1, c¯1) can be dropped since the action does not depend on them, and
so they are pure gauge degrees of freedom, while (b1, χ˜
−=
) and (b¯1, χ˜++ ) are non-dynamical
auxiliary fields which can be eliminated by their equations of motion. This leaves us with
the standard action for the bosonic string, written here using the world-sheet vielbein rather
than the world-sheet metric. At this point, one could also discuss how the supersymmetry
transformations for the action (4.1), given in [5], are mimicked by the natural gauge sym-
metries of eq. (4.4), reparametrizations and local shifts in (c1, c¯1). However, we leave this
as an exercise, since it is quite similar to the particle case discussed above.
The advantage of our proof of the equivalence between the fermionic string on the
Berkovits-Vafa background and the bosonic string is that we didn’t have to fix the con-
formal gauge. The latter is typically too strong a condition on the geometrical fields of
the world-sheet, and modular integrations corresponding to the antighosts zero modes must
be performed. We recognize that, after fixing the conformal gauge for the supersymmetric
model discussed above, one would get integrations over the moduli corresponding to the
gravitino, but these would be just gauge artifacts. Our proof dispenses us from analyzing
how the particular mechanism for these modular integrations would work out.
V. CONCLUSIONS
We have constructed and analyzed a locally supersymmetric formulation for the scalar
particle. This model employes in a simple context the mechanism discovered by Berkovits
and Vafa for embedding the bosonic string into the fermionic one. Guided by the particle
model we have been able to give a simpler proof of the string embedding. String theory is
supposed to determine its own background, so such an embedding is taken as an indication of
the existence of a “universal string theory”. However, this is a non-perturbative statement,
and very little information can be extracted by the existence of the above embedding. In
fact, as we have seen, properties arising from such embeddings are essentially gauge artifacts.
In contrast, the other hint about the existence of a unifying string theory, which comes from
S, T and U dualities, has been much more fruitful, since it has a lot of predictive power
[1]. One should remember that any gauge algebra can always be brought into an abelian
form [11]. Sometimes, this clashes with manifest locality and/or manifest covariance with
respect to certain symmetries (like Lorentz covariance in standard Yang-Mills theory), and
thus the non-abelian basis may be a preferred one. As we have seen, in the first quantized
description of particles and strings, there does not seem to exist a preferred basis for the
gauge symmetries that can be used for an intrinsic definition of the various models.
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